We classify planar graphs and complete power graphs of groups and show that the only infinite group with a complete power graph is the Prüfer group p ∞ . Clique and chromatic numbers and the automorphism group of power graphs are investigated. We also prove that the reduced power graph of a group G is regular if and only if G is a cyclic p-group or exp(G) = p for some prime number p.
INTRODUCTION
For a semigroup or group, we can associate a graph in different ways to describe algebraic structures of the group or semigroup using the properties of graph. Bosak 1 studied certain graphs over semigroups. The directed power graph of a semigroup was defined by Kelarev and Quinn 2, 3 . Recently, Chakrabarty, Ghosh and Sen 4 investigated the power graph of semigroups and characterized the class of semigroups with a connected or complete power graph. Also, Cameron 5 proved that for finite groups, the undirected power graph determines the directed power graph up to an isomorphism and two finite groups with isomorphic undirected power graphs have the same number of elements of each order.
For a given group G we may define the directed power graph (G) as a directed graph with vertex set G in which there is an arc from x to y if x = y and y = x m for some positive integer m. The indegree (outdegree), denoted by indeg Γ (u) (respectively, outdeg Γ (u)) of a vertex u in a directed graph Γ is the number of arcs (v, u) (respectively, (u, v)) in Γ . The undirected power graph (G) is defined in such a way that two distinct vertices x and y are adjacent if one of them is a power of the other one. For any graph Γ , we denote the set of vertices and the edges of Γ by V (Γ ) and E(Γ ), respectively. If X ⊆ G then we can also define (X ) as the induced subgraph on X of (G). Moreover, |Γ | stands for the number of vertices of Γ and is called the order of Γ . Two distinct vertices v 1 , v 2 are adjacent if they are joined by an edge in Γ and we denote this by v 1 ∼ v 2 . The complement graph Γ is defined as V (Γ ) = V (Γ ) and two vertices are adjacent in Γ if and only if they are not adjacent in Γ . A proper colouring of a graph Γ is a map from V (Γ ) into some finite set of colours such that no two adjacent vertices are assigned the same colour. If Γ can be properly coloured with a set of k colours, then we say that Γ can be properly k-coloured. The minimum value of k for which Γ can be k-coloured is called the chromatic number of Γ and we denote it by χ(Γ ). The degree of vertex v in Γ is the number of edges incident to v and we denote it by deg Γ (v) or simply deg(v). A graph automorphism ϕ is a permutation on V (Γ ) such that u, v are adjacent if and only if ϕ(u), ϕ(v) are adjacent. The set of all graph automorphisms of Γ is denoted by Aut(Γ ). A clique is an induced subgraph of Γ that is complete. The maximum order of a clique in Γ is called the clique number of Γ and is denoted by ω(Γ ).
PLANAR AND COMPLETE POWER GRAPHS
In this section, we shall characterize all groups with a complete or planar power graph. Proof : First assume that (G) is a planar graph. We claim that G is torsion group. If G has an element of infinite order, then we can easily find subgraphs K 3,3 or K 5 in (G), which is a contradiction. Now, suppose on the contrary that there exists an element x ∈ G such that |x| 5. If |x| is divisible by a prime p 5, then we have (〈x |x|/p 〉) ∼ = K p which is impossible. Thus |x| = 2 m 3 n , where m and n are non-negative integers.
Definition 1
Hence we may assume that m, n 1 and 6 divides |x| and consequently (〈x |x|/6 〉) has a subgraph isomorphic to K 3,3 , which is again a contradiction. Hence π e (G) ⊆ {1, 2, 3, 4}. Conversely, assume that G is a torsion group and π e (G) ⊆ {1, 2, 3, 4}. If x is an element of order 3, then it is not adjacent to any element of order 2 or 4 by Lemma 1. Therefore 
is a star graph and so (G) is a graph containing some triangles and the above star graph with the same identity ( Fig. 1) .
, put B g = {g ∈ B : g 2 = g}. Then we can easily see that (B g ∪ {1, g}) consists of some (not necessarily finitely many) subgraphs K 4 with two common vertices, namely the identity and g, and two non-common vertices g , g −1 ∈ B g . Thus (G) involves a star graph with the identity as midpoint, some triangles and some complete graphs K 4 as above, all of them having the identity in common. Hence (G) is planar (Fig. 2) .
Corollary 1 If G is a group with a planar power graph, then χ( (G)) = max π e (G).
Proof : If (G) is planar, then by Theorem 2, max π e (G) 4. If max π e (G) = 4, then (G) is a graph as in Fig. 2 with a complete subgraph of order 4, which implies that χ( (G)) = 4. If max π e (G) = 3, then (G) contains complete subgraphs of order 3 that have the identity in common. Thus χ( (G)) = max π e (G) = 3. In the case max π e (G) = 2, (G) is a star graph and clearly χ( (G)) = 2. As a direct consequence of the above theorem, one can deduce that the subgroups and quotients of a group with a planar power graph have planar power graphs. The following theorem is a consequence of a theorem given in Ref. 8 which determines the structure of all groups whose power graphs are planar.
Theorem 3 Let G be a group. Then (G) is planar if and only if G is locally finite and has one of the following structures.
Example 1 For the quaternion group Q 8 , we can see that its power graph is planar and it is clear that Q 8 is a group of exponent 4.
REGULARITY OF A POWER GRAPH WITHOUT IDENTITY ELEMENT
The graph Γ is regular if the all vertices have the same degree. We know that for a nontrivial finite group G of order n the degree of the identity element in the graph (G) is n − 1. Thus (G) is a regular graph if and only if (G) is a complete graph K n−1 . It is known that the power graph of G is complete if and only if G is a finite cyclic p-group, where p is prime. The reduced power graph of a finite group G is obtained when we remove the identity element from the vertex set and is denoted by * (G).
Theorem 4 Let G be a finite group. The reduced power graph * (G) is regular if and only if G is isomorphic to the cyclic p-group or exp(G) = p, where p is prime.
Proof : Suppose that * (G) is regular and let 〈x〉 be the maximal cyclic subgroup of G of order n. It is clear that deg * (G) (x) = n − 2. Since * (G) is regular, we infer that all the maximal cyclic subgroups of G have the same order. Every element of finite group G is in a maximal cyclic subgroup. Hence exp(G) = |〈x〉| = n. By the contradiction, assume that G is not a cyclic p-group. Then we can write n = p We can easily compute the degree of vertex x in * (G): that is, (n/p 1 ) − 2 + kϕ(n) where k is the number of maximal cyclic subgroups which contain x and ϕ is the Eulerian function. Since
Let 〈x〉 and 〈 y〉 be distinct maximal cyclic subgroups of order n. The regularity * (G) implies that these subgroups are disjoint, otherwise the element g ∈ 〈x〉∩〈 y〉 has degree greater of n − 2 in * (G). Suppose the maximal cyclic subgroups of G are not unique. Let z ∈ Z(G) be of prime order p. Then there exists a maximal cyclic subgroup 〈x〉 such that z / ∈ 〈x〉. Now 〈z x〉 is a maximal cyclic group such that 〈z x〉 = 〈x〉 and 〈z x〉 ∩ 〈x〉 = 〈1〉 which is a contradiction. Hence the maximal cyclic subgroup of G is unique. Thus G is a cyclic group.
CLIQUE NUMBER AND CHROMATIC NUMBER
It is clear that χ(Γ ) ω(Γ ) for every graph Γ and a graph Γ is perfect if χ(Γ 1 ) = ω(Γ 1 ) for all induced subgraphs Γ 1 of Γ . From the strong perfect graph theorem given in Ref. 9 , a finite graph Γ is perfect if and only if neither Γ nor Γ contains an odd cycle of length at least 5 as an induced subgraph. Utilizing this fact, we prove that the power graph of each group is perfect.
Theorem 5 The power graph of a finite group is perfect.
Proof : Suppose that (G) contains an induced cycle subgraph C of odd length at least 5. Let C be a related directed subgraph to C in the direct power graph (G). Then C must have a strong directed path of length two which makes a chordal in C which is a contradiction. Now suppose that C is an induced cycle subgraph of odd length at least 5 in (G). If C is a cycle of length 5, then C is also a cycle of length 5 in (G) which is not possible. Now assume that C is a cycle of length at least 7. Then we can easily find a triangle in C. On the other hand, we should have indeg C (x) = 0 or outdeg C (x) = 0 for every vertex x in V (C) which is not true for the above triangle. Thus there is no odd cycle of length at least 5 as an induced subgraph in (G).
Theorem 6 Let G be a finite group. Then
〉 is cyclic for every 1 s, t m, it is easy to see that 〈C i 〉 = S p i (〈x k i 〉) is a cyclic group. Therefore 〈C〉 = 〈C 1 , . . . , C m 〉 is a cyclic group and the result follows.
In what follows, we shall give a formula for the clique number of a finite cyclic group. 
for some i. Further, we assume that i is a maximum with respect to this property for all C ∈ with f (C) = max f ( ), i.e.,
and one can see that f (D ) f (D) and the equality holds if and only if
, which contradicts the choice of i. The uniqueness is a direct consequence of the
The converse is clear.
Theorem 7 Let n
where ϕ is the Eulerian function.
Proof : Let Y be a clique in ( n ). We first observe that if y ∈ V (Y ), then r y ∈ V (Y ) whenever gcd(r, | y|) = 1. Hence the elements of V (Y ) can be partitioned into sets each of which contains elements of the same order. Thus 
The following corollary gives a shortened formula for ω( ( n )).
Corollary 2 Let n
Proof :
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Let n i = p
r and n r+1 = 1. Then
Corollary 3 Let n
Proof : By Theorem 5 and Corollary 2, the result is clear.
AUTOMORPHISM GROUP OF POWER GRAPH OF ( n )
In Ref. 10, Cameron and Ghosh showed that the only finite group whose automorphism group is the same as that of its power graph is the Klein four group. In this section, we discuss the automorphism group of ( n ). For any graph Γ and v ∈ V (Γ ), the set of neighbours of the vertex v in Γ is denoted by N Γ (v), or briefly by N (v). Furthermore, we define
Proof : As n has a unique subgroup of order |x|, we have 〈x〉 = 〈 y〉 and the proof is straightforward. Now let {d 1 , d 2 , . . . , d r } be the set of all divisors of n other than 1 and n. Let A 0 = {g ∈ n : |g| = n} ∪ {0} and A i = {g ∈ n : |g| = d i }, for i = 1, 2, . . . , r. Then by Lemma 1, the induced subgraphs of ( n ) on A i 's are complete of order ϕ(d i ), for i = 1, 2 . . . , r and the induced subgraph of ( n ) on A 0 is a complete graph of order ϕ(n) + 1. Hence, by Lemma 3, every bijection α : n −→ n such that α| A i : A i −→ A i is a permutation for i = 0, 1, 2, . . . , r, is an automorphism of ( n ). Thus we have the following theorem.
Corollary 4
Let n be a natural number such that for every x, y ∈ n , deg(x) = deg( y) whenever |x| = | y|. Then
Proof : If α ∈ Aut( ( n )) and |x| = | y|, then α(x) = y. Hence α(A i ) = A i , for i = 0, 1, 2, . . . , r, where A i 's are defined as above. Thus α ∈ S A 0 × S A 1 × · · · × S A r .
As an example, if G = 12 and x = 2, y = 6 are elements of G. Then |x| = 6 and | y| = 2, and deg(x) = deg( y) = 9. However, there is no automorphism of ( n ) which maps x to y. Hence we have Aut( ( 12 )) ∼ = S ϕ(12)+1 × d|12,d =1,12 S ϕ(d) . The same happens for 24 .
We state the following conjecture for Aut( ( n )).
In spite the fact that we have much evidence for some small values of n and strongly believe that it is true for all n having at least two distinct prime divisors, we have not able to prove it completely as yet.
Conjecture 1 For every natural number n,
Finally, we compute the degree of all vertices in ( n ).
Theorem 9 The degree of an arbitrary vertex x in
where d is the order of x in n .
Proof : By Lemma 1, the number of elements of order r d in n is ϕ(r d). The result follows immediately. We may give a similar formula for the vertex degrees of ( n ) as follows. 
